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1. Introduction

The couplingbetweera hybrid modeanda Gaussiarbeamhasbeendescribeda long time
ago in dielectric waveguides[1]. The problem was then revised for corrugatedhorn
antennas, with a vast literatufer examplg2,3].

Given the widespreaduse of corrugatedwaveguidesn intrinsically narrowbandECRH
experimentsand the relatively limited bandwidth of corrugatedfeedhorns it is very
common in literature to assumethat a balancedHE,;; mode is propagatingin the
waveguideandcomputecouplingunderthatassumptiorf3]. While perfectlyadequatén a
reasonablywide region around the frequency of perfect balance,this is not correct
everywhere and using formulas for balanced conditions can lead to significant
underestimatiorof coupling loss at the extrememarginsof operation This is especially
importantwhenthe bandwidthof corrugatedvaveguidess beingpushedo thelimit, asis
thecase of transmission lines for reflectometyb[q.

The electromagneticproblem is resumed here and the approximationsinvolved are
explicitly stated

A programwaswritten to computethe coupling coefficientasa function of frequencyfor
real waveguia configuratiors, with the goal of providing a designtool for assessmeruf
the operation limits ofandidat@¢ransmission lines

Another programwas written using elliptical Gaussianbeams,to provide a somewhat
better representation of the field at Iénequency, using a small number of modes.
Referencd7] is closelyfollowed for the formulationof the problemin the waveguideand
no new theoretical developments were made in writing this design tool
Ohmiclossesareneglectedecausehey areusuallysmall,andnegligibleat bandextrena
with respectto couplinglossesfor transmissiorlines with a reasonablyarge numberof
mitre bends

The softwaresourcecodes areavailableasa .tgzarchiveat the samelocationasthis report.
Users are kindly ragested to cite this report in their papers.

2. Mode coupling at the aperture of a waveguide

Thefield atthe (plane)apertureof a waveguidecanbe describedn full generality,on the
waveguideside of the aperture,as a linear combination of forward and backward
propagatingnodes.If the field at the aperturediffers from zero over a sufficiently wide
region(with respecto the wavelength)andthe phasefronis sufficiently smooth in other
wordsif thefirst Fresnelzoneis sufficiently wide with respetto wavelengththe radiated
field canbe describechsa paraxial beamandthe waveequationcanbe approximatedvith

the Helmholtz equation.

The GaussHermite and GaussLaguerremodesare completeorthonormalbasesfor the
solutionsof thatequationsoeither theelectricor the magnetidield atthe aperturecanbe
represente@xactlyasa sumof them While aninfinite sumwould be requiredin general,
eventhe numberof degreef freedomof the exactfar field electromagnetiproblemis

limited [8] so that a finite sum can always be ugadpractical purposes

If relation

where superscriptT standsfor the transversecomponentand Z is a modal impedance
independentrom spatial corrdinates holds for modal functionsin both regions, then
continuity of eitherfield implies continuity of the other Undersuchcircumstancesnecan



legitimately usegaussiarbeamsto represente.g. any single componenif the transverse
electric field usirg the so calledcalar approach

Therelationabove,unlike TE andTM modesin smoothwaveguidejs only valid for HE,
whenka>>X,,, wherea is the waveguideradius,k is as usualthe wavenumbefs/A and
Xy, Is the mode eigenvalue.

Whenthe HE,; modemovesout of balanceanindependenmultimodescalartreatmenfor
each polarization allows using gaussianbeamsfor a fairly accuratedescriptionof the
problem until the paraxial approximationis no longer valid. At still lower frequency,
reflectionsat the aperturebecomesignificant,so thatevenassuminghata singlemodeis
presentt the aperture othe corrugated waveguide is not justified.

An alternativeapproachis usinga vector descriptionof Gaussiarbeams,and descriling
couplingbetweerHE,; andthe first mode[9,10]. A few approximationsareinvolved,and
a multimode treatmentis not possible becausethe vector fields do not satisfy mode
ortogonality This is not pursed here.

3. Coupling between HE,, and TEM,,,: scalar treatment
Thefield atthe apertureof a circular corrugatedvaveguideof radiusa canbe describechs
asumof hybrid modeson thewaveguidesideandasa sumof Gaussiaimodeson thefree-
space side.

Assumingthat a pure (y-polarized without loss of generality)HE,; modeis propagating
insidea corrugatedvaveguideandthatreflectionsat the aperturearenegligible the phase
front at the apertures flat, andthe waist of the Gaussiarbeamscanbe locatedthere.The
flatnessof the phasefront allows treatingthe coupling problemin the real ratherthanin
the complex domain.

Continuity of transverse fiekhat the aperturean be written as

E'("#) = comEfppum("#) = Epn (" #) (1)
n,m
I;IT (p,(p) = Ecnm ﬂ%EMnm(pe‘p) = ﬂzEl 1()0,([)) (2)

n.m
As said in the introduction, neglectof reflectionsimplies assumingE'/H" is constant
across the interface, so that only (1) can be considered.

3.1 Gaussian beam modes TEM,,,,

GaussHermitemodes areusedhere,althoughthe symmetryof the problemwould suggest
the useof GaussLaguerremodesasnormallyfoundin literature,becausehe symmetryis
immediately broken as soon as reflective optics are used, as is customaryin most
millimeter-waves applications.

The beam modearedefined as usuah the positivez space

"o (%) =" (6, 3,2) # U (x,3,2)H,p §/_w(z))(H g;/—w(z))(exr( jkz) (3)
with the definition
Unn(X.y.2) =
_ 1 x> +y2]| 1 Cxrey? 2z (4
2™ iy exp[_ w(z)’ ]W(Z) (_Jk 2R(2) +J(m+n+l)ar0tanm

The real function representingcomponentx or y of the electric field at the apertureis
decomposed as a sum of beam maddgéx,y,0)



Ex(y)(P’(P) = Ecnm‘/’mn(X,y,O) = Ecnnﬁjmn(ﬂ)’@,o) (5)

n,m n,m
with

1 I o’ ( rpcosw) (J—PS““P)
5 ,O = Xp| — H 2 6
wmn(p ¥ ) \/2m+n—1 mn! Wo/ae p[ (Wo/a)2] m WO/a O/ ( )

using the waveguideradius a to normalize the radial coordinateand the beam waist.
Equation (6) can be written with minimal variation for elliptical beams

" mn(#3.0) = ; 1
(# ) \/2m+n%.&m Nl \/(WOX/a)(WOY/a)

e /(#cos$) (#S|n$) V_#COS$-H \/—#sm$ (6b)

;(WOx/a) (Woy/a)zf ™ wo/a, ") wp/a,

The beam modes written this form are normalized

* ( 2' *
<” mn|” mn> = $’ mn” mnda = a2 $$’ mn(%&’O)” mn(%&’o)%%i& :1 (7)
# 00
where" is the plane where the aperture is located.
The normalizedwaist wy/a is chosenfor circular beamsas in [3], as the one giving
maximum power in TEN} for a balanced HE, as is customary, i.&v,/a=0.643515

3.2 Hybrid mode HE,,

The waveguidecorrugationsare assumedectangularas describedn [7], with periodp,

depthd and width w. The last quantity shouldnot to be confoundedwith the Gaussian
beamswaist, which shall always be normalizedby a and appearin formulae as w/a,

whereasthe groove width shall always be normalizedby the corrugationperiod p and
appears aw/p.

For disambiguation of the definition of corrugation width, the corrugated circular
waveguidecanbe seenasa periodicsetof iriseswith radiusa, thicknesqp-w) andperiod
p in a smooth circular waveguide of radasd.

Assumingthe corrugationperiodp to be muchsmallerthanthe wavelengththe boundary
conditionsin a losslesswaveguidecan be approximatedwith continuousanisotropic
impedance

z. =5 2o (8)
= 7, =
a
Z,=—2| =72, ©
pr
a
whereZ is an adimensional normalized reactance, which can be written as
7= w t;nkd (10)
P14+~ tankd
ka
and can be approximatéar large waveguidesas
7 =" tankd (10b)
P

The approximations not usedin the program.Whenkd is too close[i.e. within 10°{-15)]
to /2, definition (10) is replacedor numerical consistenayith its limit for largetan(kd)



w ka

Z=—— (10c)
p 2
The transverse fields of the HHEnode are given in/]:
T d / 1 /
EnEea(re) = VRuZo l@r (ﬁrTll + A%Tll) +€p (— Iy 11— d11f9rT11)] (12)
T 1 1 ) dy R},
H r,Q)=—F—— aT—dRaT +e,| 0,111 + o7T 12
Hypy(r.e) m (r 11 ~ankqor ( 11 - || (12
and the longitudinal ones are
E? Q)= jaRy1Z T 13
HEll( ‘77) JVEL1: ORllaka 11 (13)
i d R X{
HZ __ IBLABEAIE 5 14
hen (1-9) JRiZy  aka 11 (14
with
Ta(r, N»héa(n (S'n" (15)
T (r.e) = NJl(Xn E)COS(P (16)

Thequantityd,; representsheratio betweenTE andTM componentsn the normalmode.
Substitutionof the field components(11-14) into the boundary condition (8) for the
azimuthal wall impedanaogivesd,;:

X
- Jl(" 11) (17)
X11Ji(X11)
The quantityR,, is thenormalized propagation constant
R_ﬁLl%ﬁﬁ (18)
=y ka

The normalization should be consistent with that used in the beam modes, i.e.

1 2z
<ETHE11‘ETHE11> = [dp [dpEfg11(0.0.2=0)* Ejgra(0.0.2=0) =1
0 © (19)
from which one can write a normalizationconstantN, different from that of [7] that
enforces instead a unital power<E'|H™ >

1
N =
TR 1+ )

3.3 Computation of HE,, eigenvalue
Substitutionof the field componentsinto the boundarycondition (9) for the longitudinal
reactancejivesan implicit equation for thelE,, eigenvalue:

2
71[J0(X11)+31 (x”)]—%(ud])%f(x”) (20)

X
— " RA+ 2l =0 21
d11 nRin*t = o (21)
Theleft handsideis a function of X,;, ka, kd, w/p andthe implicit equationcanbe solved
for the eigenvalueX,; asafunctionof frequencywhenthe waveguideparameters, w/p, d
are given.



Equation (21) is solved numerically for X;; with a simple bisection algorithm to a
resolutionof 10(-6), knowingthatX,, is monotonicallydecreasindgrom the eigenvalueof
TM,; (3.8317®) to theeigenvalueof TE;; (1.841183)as the effectivecorrugationdepthD,
defined as

= z arctanZ (22)

increases from 0 t0.2

4. Coupling coefficient with circular beams
With theseassumptionsthe coupling coefficientbetweenthe GaussiarBeammodesand
the field in the waveguide can be written as

<Ex(y),HE1 1 ‘I/)ij > = Ecr);(r%/) <1/Jmn‘1l’ij > (23)
i.e. using the orthonormnér;;ty of beam modes
erlc’l(ny) = <Ex(y),HEll‘1pmn> (24

Writing the cartesian components Qf:E as
ExHell = Er pericos” #E- ygqysin” (25)
EyHErl = Br e sin” + B jgjpcos”

and assuming,x are respectivelgo,crosspolar directions, onean write both coefficients

2 .
1 a 2w r rcosg rsing) .
o {EnHEne“{—mﬁ)Hp(Vz\N)Hq(VE\N)““¢+

— 0
2Pl

2 .
r rcos rsin
+Ey HE,, exp(—WZ)H p(\EW(p)Hq(\E W(p)coscp}rd(pdr

2 .
1 ar2rw r rcosg rsing
—_— E -—[H 2 Hpl /2 Sp+
A2 =T o fO fO { r’HE“eXp( Wz) m(KF w ) n(\F w )CO Y
2

r rcos I sin )
-Ep.HE, exp(—wz)H m(\E W (p)H n(\EW(p) sm(p}rd(pdr

which can be written, upon performing all substitutions, as
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Wlth the definitions

Ly (x) = ZéHm (ﬁx cos" )Hn (\/Ex sin” ) sin” cos"d"
0
= 2pr(w/§x oS (p)Hq (ﬁx sin (p) sin’ pde
0

K py(x) = z&p(ﬁx cos" JH,(V2xsin"|cos* "d" = J,,(x)
0

andremembering that
Hy (" )= (" 1) H, (x)

one can deduce that-écrosspolar radiation couples into evéodd-modes:
|m(2k) = |(2k)m = ‘]m(2k+1) = J(2k+1)m = Km(2k+1) = K(2k+1)m -0 Vmk

:

dp +

dp +
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(30

(31)



The integrals 1,J(K) can be computed explicitly.
Using the explicit expression of Hermite polymals [11 n.22.3.10]

#nz?c
® n"2j
j (2X)
| Akt A
n) (" 2) >
one can obtaln
+1+i" " k
1 ()= (22 1)!##( i+ (SXZ)(# +" 1" k)
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The integrad can be computed r ecurswely [11418. 127]:

27
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. Ml n-1]"%
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Remembering that £=2#, one can find
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Rearranging indices one can write
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with the definitions
A2i+1,2j+1n =
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The integrals in (4-45) must be computed numerically.

5. Program description
The FORTRAN program reads input parameters from ar#genedoarms.txt

¥ frequency range

¥ waveguide diameter

¥ corrugation depth

¥ maximum number of stepsw/p

¥ m,nindices of TEM modes to use
A few parameters,most notably the number of frequency steps, are set with a
PARAMETER statement, since they involve dimensioning internal arrays.
Input parametersire checkedfor internal consistencyand compatibility with the sizesset
in the PARAMETER statement.
Once the indices of TEM modesare known and validated, the o, coefficients are
evaluated.
Thentwo nestedoops, respectivelyon the normalizedcorrugationwidh w/p (outerloop)
andon frequency(inner loop) setthe real calculationsfirst of all, the HE,, eigenvalues
computedoy solving(21) asdescribedabove thentheintegralsof Besselffunctionsat (44-
45) are computedusing subroutineDGAUSS8 of the SLATEC CommonMathematical
Library [12], theILMA CH andD1MACH subroutinedeingreplacedwith their Fortran90
equivalent [13]
Once the building blocks are realy, the coupling coefficients (co- or crosspolar) are
computedfor all the modesrequestedandresultsarewritten on files, one per eachvalue
of normalizedcorrugationwidth. Eachfile containsa table of frequency,ka, normalized
corrugationdepthD (22), HE,, eigenvalueX,; (21), normalizedpowerin the outputmodes
(i.e. the sum of squaresof coupling coefficients),and then the list of (signed)coupling
coefficierts for all TEM modes requested (to be squared in order to get power fraction).
Programexecutiontakesa negligibletime (0.2sfor 36 modes 80 frequencypoints, 2 steps
in corrugation width, on a 1GHz PPC with 1GB RA

6. Coupling coefficient with elliptical beams

If circularbeamsareusedin (24) andthe subsequenterivationsjntegrationover$ canno
longer be separatechind madeanalytically, so that oneis left with numericalintegration
only.
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27 2
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Substitutingfor the Hermite polynomnals for modesTEM,,, TEMys, TEM;,, TEM,,,

TEM,;, TEM, 5 (that were found largestat low frequency)one canwrite expressiongor
the coupling coefficients.

y N Rl (1+d1)
€0 =
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f;[ZJl(le)—leJo(le)]foz”eXP( o ;71 v_p 251/ )COS 2¢)dedp + (48)
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Cfc5=\? Cy 4\? \F Ce (54)

using the definitions
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(et e

7. Program description

The programwaswritten asa modificationof that describedabove.The input parameters
arereadfrom the samefile, but modeindicesareignored.Expression(48) is maximized
(its opposite minimized) at each step as a function of the waist parametersn both
directionsw,/a, w/a. Minimization is performedusing subroutinePRAXIS [14]. The
directionof theinner (frequency)loopis reversedi.e. high frequencyto low), becausehe
optimumbeamis lessstronglyelliptical at the high frequencyend(assumedaloseto D=2,
where HE,; is convergingtowardsa smoothwaveguideTE,,) thanat the low frequency
end (D=0, wherethe HE,, is convergingtowardsa smoothwaveguideTM,,), so that a
symmetricinitial point, the optimum valuefor circular beamsmentionedn section5, can
beusedas initial point of minimizationfor thefirst step(highestfrequency) Eachresultis
thenusedasthe startingpoint for the next lower frequencypoint. Only the modeslisted
abovein (48-54) areused,andthe coupling coefficientsare computedusingthe x,y waist
sizes maximizing coupling into TEM

The executiontime is acceptablebut much longer than for the program described
previously,given the numberof integralsto computenumerically and the minimization
process. Computation of the data=ojure14 took 42s on a 1GHzGB PPC.

8. Results and discussion

For verification, the resultsof figure 3 of [7] werereproducedthe figure below showsthe
Propagatiorconstantof HE,; relativeto that of TE, in 1.094" corrugatedwaveguideat
60GHz as a function of the effective corrugation depth D defined®)n (2

12
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Figure 1: Same asfig 3 of [7]. Propagation constant of HE11 relative to TEOL as a function of effective
corrugation depth for 60GHz in 27.79mm i.d. corrugated waveguide.

Then,the couplingwith circular TEM modeswascomputedasa function of frequencyfor
a fewreal waveguides.

First, the two optionsconsideredin [15] for the JET reflectometry:diameter31.75mm,
corrugationdepthd=.63 and 0.8 mm, w/p=2/3, frequencyrange50-200 GHz. The option
chosen was the one with 0.63 mm corrugations (red curve).

Comparingthe figure below with figure 2 of [15], one canseethat couplingloss at the
waveguideendsis dominantover ohmiclossat the low frequencyend,andpossiblyeven
atmidband.In the bestperformingfrequencyband,the 0.98 couplingat bothendsgivesa
0.088dBloss,whereaghe 0.95couplingat 50 GHz for the 0.63mm corrugationgives0.22
dB loss.Ohmiclosseswould becomecomparale only for a total waveguiderun of about
90 m.

Then, the corrugatedvaveguideusedfor ECRH at 140GHzon FTU, with diameter88.9
mm, corrugation depth 0.4 mm, corrugation width 0.51 mm, period 0.76 mm was
considered From the figures below, one can seethat the waveguidehaslow coupling
lossedrom 40 GHz to the onsetof Braggscatteringaround197 GHz, which is of coursea
consequence of its large size.
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Figure 2: fractional power coupling between HE,;, and TEM, for the two options considered for the
JET reflectometry transmission line described in [15]. To be compared with figure 2 of [15]. Thered
curve (corrugation depth 0.63 mm) isfor the waveguide that was actually used.
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Figure 3: fractional power coupling over a very wide frequency range [15-200 GHz] for the same
waveguide of the previous figure. The modes with largest coupling coefficients are shown . The black
curve shows the total fractional power accounted for by these modes, which is almost 87% at low

frequency.
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Figure 5: same as in Figure 3, but including 30 TEM,,, modes. Only modes with fractional power
exceeding 1% somewhere are shown. As one can see, the total power accounted for rises to almost
92% at low frequency. Morethan 90% power isincluded in the first 12 modes and more than 91% in
thefirst 16.
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Figure 6: fractional power in the most significant TEM,, , modes for the corrugated waveguide used in
the ECRH experiment on FTU. The black trace is the fractional power accounted for with these
modes.
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Figure 7: effect of a variation in groove depth for the FTU corrugated waveguide. Black trace: actual

waveguide.
Then the analysis dfigure3 wasrepeatedvith elliptical beams
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Figure 8: sameas Figure 3, using elliptical beams.
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Figure 9: best fitting TEM, waists in x,y directions, plotted as a function of frequency for the
waveguide of Figure 3.The beam iscircular when the mode is balanced.
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Figure 10: best fitting x,y waists as a function of the mode eigenvalue. This plot should have no
dependence on waveguide parameters except for the extents of the horizontal axis. The points are
equispaced in frequency for a specific waveguide
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Figure 11: E field lines of force for eigenvalue X,,=1..841 (TE,,)
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Figure 14: same as Figure 6, using elliptical beam modes.
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